The capacity and effectiveness of a modified variational approach, namely global error minimization (GEM) is illustrated in this study. For this purpose, the free oscillations of a rod rocking on a cylindrical surface and the Duffing-harmonic oscillator are treated. In order to validate and exhibit the merit of the method, the obtained result is compared with both of the exact frequency and the outcome of other well-known analytical methods. The corollary reveals that the first order approximation leads to an acceptable relative error, specially for large initial conditions. The procedure can be promisingly exerted to the conservative nonlinear problems.
Introduction
The accurate prediction of nonlinear oscillations in many areas of physics, applied mathematics and structural dynamics has been a significant subject. Surveys of the literature expose that there are different approximate analytical techniques for dealing with the nonlinear problems. Among them, one may allude to the variational iteration method [1, 2] , the energy balance method [3] [4] [5] , the harmonic balance method [6, 7] , the parameter expansion method [8, 9] , the multiple scales method [10] , the homotopy analysis method [11, 12] , Max-Min approach [13, 14] , Hamiltonian approach [15] [16] [17] , the iteration perturbation method [18] [19] [20] [21] , the variational approach [22, 23] , the homotopy perturbation method [23, 24] , the frequencyamplitude formulation [25] [26] [27] [28] and so on [29, 30] .
This study intends to extend the reliability and applicability of the global error minimization [31] [32] [33] by considering the governing equation of a uniform rod rocking on the cylindrical surface without slipping [34] and the Duffing-harmonic oscillator [35] [36] [37] . The algorithm transforms the nonlinear differential equation into an equivalent optimization problem. After substitution of the trial function into the functional, unknown parameters of it is acquired using a Ritz-like method. It should be mentioned that the construction of the functional in this method is similar to the least squares approach. More details about the technique can be found in the literature [31] .
The rest of the manuscript is organized as follows. The outline of the method is presented in section 2. The approach is applied to the governing equation of the uniform rod rocking on the cylindrical surface in section 3. The relationship between the frequency and the initial amplitude of the Duffing-harmonic oscillator is provided for either first-and second-order approximations in section 4. Section 5 ends this study with a brief conclusion.
The global error minimization
This section gives the basic idea of the global error minimization. Consider a general nonlinear oscillator as follows:ü
By defining a functional as follows:
and assuming F (u) is an odd function. One may utilize an approximate trial function in the form of
The unknown parameters (i.e., a (2n+1) & ω) can be find through the following conditions:
To demonstrate the practicality and effectiveness of the aforementioned method, the governing equation of a uniform rod rocking on the cylindrical surface and the Duffing-harmonic oscillator are taken into consideration in the present study. The results are illustrated in next sections.
3 Case 1 Fig. 1 depicts the schematic of the uniform bar rocking on a cylindrical surface. The general equation of the motion is [34] :
where parameters l, r and g are the rod's length, the radius of cylindrical surface and the acceleration of gravity, respectively. Eq. (5) can be rewritten as:
where λ = In the following, the global error minimization is applied to the Eq. (6). As can be seen, a good agreement with exact ones is achieved for the first-order approximation.
Based on the the basic idea of the algorithm, the minimization problem of Eq. (6) is:
To determine the approximate frequency, the following trial function is employed:
Substituting Eq. (8) into Eq. (7) yields:
where J α(z) is the Bessel function of the first kind. by applying ∂E θ ∂ω = 0, the frequency is obtained as:
To illustrate the validity and accuracy of the global error minimization, with assumption r = l/4 the Eq. (10) is reduced to:
where γ = g/l . For the first order approximation, Wu et al. [6] acquired:
where the exact frequency for this condition is given as: Table 1 compares the approximate frequencies with respect to the exact ones for different initial conditions when γ = 1. For more convenience, the result is presented in Fig. 2 . Moreover, the relative error of both methods is demonstrated in Fig. 3 . In contrast to the linearized harmonic balance method (the combination of the linearization of the governing equation with the method of harmonic balance), the relative error of the global error minimization does not increase continuously, and its rate is variable in the domain. As can be seen, the accuracy of the global error minimization is better in some sections, and Eq. (12) gives a lower relative error for small amplitudes. 
Case 2
This section investigates accuracy of a the approach by the Duffing-harmonic oscillator. This nonlinear model has a rational form for the restoring force. The governing equation of motion for this type oscillator is:
Equation (14) is a mathematical model of a conservative system. for small and large values of u, it is a Duffing oscillator (i.e.,ü + u 3 ≈ 0) and a linear harmonic oscillator (i.e.,ü + u ≈ 0), respectively. The exact frequency of this oscillator is given as:
The first-and second-order approximations for this nonlinear model are given in the following context.
First-order approximation
Based on the section 2, the modified variational approach is exerted. The equation (14) can be rewritten as:
The minimization problem is:
for the first order approximation, the trial function is:
Where a 1 = A, substituting Eq. (18) into Eq. (17) yields:
by applying ∂E u 1 ∂ω = 0, the approximate frequency is obtained as: 
Second-order approximation
To illustrate the capacity of the approach, the secondorder approximation of the algorithm is applied to the Duffing-harmonic oscillator. Substituting (16) into (2), by using the following trial function:
where a 1 + a 3 = A, gives: ).
By setting ω
2 and with assumption |a 3 | A, the parameter of a 3 can be determined for a known am-plitude. Consequently the value of frequency is achieved. Table 2 presents the ratio of the approximate frequency for different amplitudes. Moreover, Fig. 4 compares the relative error of the first-and second-order approximations with other well-known methods such as harmonic balance and energy balance procedures. Fig. 5 exhibits the phase space trajectory of the Duffing-harmonic oscillator when the initial amplitude is one. As can be seen, the accuracy of the approach is excellent for whole of domain in the second-order approximation. The achieved results using the second-order approximation of this straightforward approach show that the technique is easy, convenient and accurate for conservative nonlinear oscillators that the restoring force has a rational form. 
Conclusions
This study scrutinizes the accuracy of the global error minimization (GEM) by examining two nonlinear equations which arise from the free oscillations of a rigid rod rocking on the cylindrical surface without slipping and the Duffing-harmonic oscillator. The reliable results are validated by the exact solutions. This applicable technique provides a satisfactory approximate frequency for the first order approximation. Higher order estimations using this method should be more accurate for other resembling nonlinear problems with odd and rational restoring forces. At last, The GEM method is a simple and powerful algorithm that can be easily implemented to similar nonlinear systems.
